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Abstract

Multigrid nite-element solvers using the corotational formulation of nite ekts provide an attractive means
for the simulation of deformable bodies exhibiting linear elastic responses@paration of rigid body motions
from the total element motions using purely geometric methods or polangmsition of the deformation gradi-
ent, however, can introduce instabilities for large element rotations andmettons. Furthermore, the integration
of the corotational formulation into dynamic multigrid elasticity simulations requtgecontinually rebuild con-
sistent system matrices at different resolution levels. The computati@uhirngposed by these updates prohibits
the use of large numbers of nite elements at rates comparable to the straift nite element formulation.

To overcome the rst problem, we present a new method to extractgtielrody motion from total nite element
displacements based on energy minimization. This results in a very stabkat@mal formulation that only
slightly increases the computational overhead. We address the sersidm by introducing a novel algorithm
for computing sparse products of the form RK&s they have to be evaluated to update the multigrid hierarchy.
By reformulating the problem into the simultaneous processing of a seqlugattisand control stream, cache miss
penalties are signi cantly reduced. Even though the algorithm increasmary requirements, it accelerates the
multigrid FE simulation by a factor of up to 4 compared to previous multigrid apphes. Due to the proposed
improvements, nite element deformable body simulations using the cormfmmulation can be performed at
rates of 17 tps for up to 12k elements.

Categories and Subject Descript@scording to ACM CCS) 1.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling

1. Introduction and Related Work multiresolution approaches using adaptive re nement tech-
niques CGC 02,DDCB01, GKS03.

FE methods for simulating elasticity effects, on the other
hand, are numerically involved and not suited in general
for usage in real-time applications. This is especially due
of the non-linear relationship between strain and displace-
ment, yielding a non-linear algebraic system to be solved
[2C99 WDGTO01, PDA0L, DDCBO01, ML03]. Therefore, the
linearized strain tensor, i.e. the Cauchy strain tensor, is com-
monly used in such application8INC96, CDA99]. While
this approximation is appropriate for small deformations, it
leads to non-realistic results if elements undergo large defor-
mations. In particular, as the Cauchy tensor is not invariant
under rotations, the strain distribution and thus the nal ele-
ment displacements tend to diverge from the correct solution
(see Figurel).

Fast and reliable methods for predicting shape changes of
deformable 3D bodies under load are of major relevance
in a number of computer graphics applications like com-
puter animation and virtual surgery simulation. In the past
decades, three-dimensional nite element (FE) analysis was
performed in a number of approaches to predict the me-
chanical response of deformable materials. FE methods are
attractive because they can realistically simulate the dy-
namic behavior of such materials. Most commonly they
have been used to simulate isotropic linear elastic materi-
als based on Hooke's law, with the inhomogeneous Young's
moduluskE being de ned on a per-element basis. A thor-
ough overview of the state of the art in the eld can be
found in [NMK 05], which also discusses alternative ap-
proaches based on nite difference$HBF87 TF8§ or A good trade-off between the Cauchy and the full non-
mass-spring system&TW95, BW98 DSB9Y, as well as linear strain tensor can be achieved by using the so-called
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Figure 1: On a desktop PC, the tetrahedral grid consisting of 67k elements (left )Jmeganteractively deformed at 3 tps using
the corotational nite element formulation (middle image). Additionally, thesamodel was deformed using the small-strain
formulation at 17 tps (right image). The arti cial volume increase of theutha@an easily be perceived.

corotational formulation of nite elements. It is a linear ap-
proximation just as the Cauchy strain, but it accounts for
the geometric non-linearity by respecting per-element ro-
tations in the strain computation. In the corotational for-
mulation the motion of every element is split into a rigid
body motion with respect to the element's initial con gu-
ration, and a deformational motion in the so-called coro-
tated con guration. The use of the principle of corotational
coordinates in FE analysis goes back to the early work
of Wempner Wem69g and Belytschko and HsietBH79].

The element-independent corotational formulation underly-
ing our approach, where per-element rigid body motions are
removed and added before and after the nite element analy-
sis, has been introduced by Rankin and BrodgiBg6]. For

a thorough overview on this concept we refer the reader to
the summary paper by Felippa and HaugerH(05.

In the context of FE modeling the corotational formula-
tion was introduced to the computer graphics community
by Muller and co-workersNIDM 02, MGO04], Etzmuss et
al. [EKS03 and Hauth and Strassad$04, who proposed
two different approaches for extracting the rigid body mo-
tion of triangular and tetrahedral elements. While in the for-

of the corotational formulation, extensions have been pro-
posed that recover inverted elemen&H04, ST0].

Another concern arises from the integration of the corota-
tional formulation in a FE solver. To account for the element
rotations, in the corotational formulation the system matrix
has to be re-built in every simulation step. Even though this
does not pose a problem from a conceptual point of view,
it considerably slows down the performance of the simula-
tion process. This problem is ampli ed if multigrid meth-
ods are used to speed up the solution process as proposed
in [WTO04, GWO05, meaning that quantities have to be com-
puted on a hierarchy of different resolution grids. In particu-
lar, to ensure a consistent calculation of quantities on differ-
ent resolution levels, the coarse grid matrices are derived by
computing sparse products of the foRK R'. Here,R and
R" are respectively the restriction and prolongation operator
used to transfer quantities between different resolution lev-
els, andK is the ne grid matrix. It is said that coarse grid
operators constructed in this way satisfy the Galerkin con-
dition, and it has been shown in previous work that such a
construction leads to an optimal convergence of the multi-
grid method Wes82BHMOQ].

mer approaches this motion was computed purely based on In case of unstructured mesh hierarchies, the correspond-
geometric considerations, in the later approaches a polar de-ing matrix representations of the involved operators are
composition of the per-element deformation gradient was sparse and non-zero entries are randomly scattered. As we
employed. For large element deformations, however, both will show in this paper, the update of the matrix hierar-
formulations may introduce numerical instabilities. While in  chy dominates the overall performance of dynamic multi-
the geometric approach such instabilities can be contributed grid methods, taking more than an order of magnitude longer
to the uncertainty in determining the corresponding rigid than the system solver. The reason therefore is that sparse
body mode from a largely deformed element, numerical in- matrix products operate signi cantly below their theoretical
stabilities in the computation of the deformation gradient peak performance due to the bottleneck of data transfer in
in largely deformed elements can become a problem other- the CPU memory hierarchy. A direct implication thereof is
wise. Furthermore, an approach based on a QR decomposi-that standard algorithms for computing sparse matrix prod-
tion has been developedlPF03, but it introduces vertex- ucts can hardly achieve real-time performance in dynamic
ordering dependent anisotropies. To improve the robustnesssimulations for reasonably sized grid hierarchies.
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1.1. Contribution

To overcome the aforementioned limitations, and thus to
make FE based simulation of deformable 3D bodies stable
and fast, we propose two novel approaches. Firstly, we in-
troduce a method based on energy minimization to extract
per-element rigid motions from their current state. The ob-
jective function we aim to minimize measures the similarity
of the corotated con guration and the reference con gura-
tion. We show that by using this approach in FE elasticity

simulations, large, yet stable deformations can be achieved,

making this approach also attractive for deformation model-
ing in computer animation.

Secondly, we focus on improving the memory behavior
of sparse matrix operations. We present a linear layout of
computational cores for sparse-sparse matrix multiplication,

we are using a tetrahedral mesh, and every tetrahedral ele-
ment has an associated element stiffness matrix with a form
that is given by the strain tensor and the material law. To
keep the matrice&e linear with respect tai, the Cauchy
strain tensor in combination with the generalized Hooke's
law is used. For a more thorough derivation of the governing
equations of linear elasticity let us refer ®NIC96, Bat02.

Since the Cauchy tensor is not invariant under rotations,
especially if large deformations are applied, it tends to pro-
duce arti cial forces yielding unrealistic results. To cure this
problem, nite elements are rst rotated into a con guration
that matches best the reference con guration, such that the
rigid body motions of the elements are eliminated before the
strain is computed. This approach is known as the corota-
tional FE formulation.

To consider element rotations in the nite element model,

which can effectively reduce the average memory access some modi cation have to be introduced. For clarity, we rst

time. By reformulating the problem into the simultaneous

focus on the element equatioks2 R®™  R3™ of one sin-

processing of a sequential data and control stream, the lo- gle nite element withm supporting vertices, i.e.,

cality of memory access operations can be improved, result-
ing in considerably less cache miss penalties. We include
the proposed extensions into a multigrid approach for de-
formable bodies simulation. By means of our approach, we
show an acceleration of the multigrid matrix hierarchy up-
date by a factor of 10, yielding an overall speed up of the FE
multigrid solver by a factor of up to 4.

Our paper is organized as follows: First, we shortly re-
view the theory of the corotational FE formulation. In Sec-
tion 3, we introduce the novel method to extract element
rigid motions from their element displacements based on en-
ergy minimization. In the following section, we present the
applied multigrid solver, and we describe in detail the de-
veloped data structure that accelerates the multigrid matrix
hierarchy update. In Sectidnwe present a detailed analysis
of our approach, and nally we conclude with some aspects
on future developments.

2. Corotated Finite Elements

Underlying our simulation is a linear elasticity model. In
this model, we describe deformations as a mapping from
the object's reference con guratiow to its deformed con-
guration fx+ u(x) j x 2 Wg using a displacement function
u:R3! R3. The dynamic behavior of an object with linear

elastic response is governed by the Lagrangian equation of

motion

Mii+ Cu+ Ku= f 1)

whereM, C, andK denote the mass, damping and stiffness
matrix, respectivelyu is a vector built from the displacement
vectors of all vertices anflis analogously built from the per-
vertex force vectors. The stiffness matikixs constructed by
assembling the element stiffness matriégs Speci cally,
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KeUe = fe:

To apply an element rotation to the deformed element con-

guration, we introduce element-dependent matric@s

which are built from the respective orthogonal 3 element

rotation matricesﬁe as follows:
0 -

Qe !
Qe= %)

Qe
The displacement from which the strain in the corotated con-
guration can be determined ise= QZ (Xe+ Ue) Xe. The

obtained internal forceKele then have to be rotated back
into the deformed con guration, yielding

Qe Kng (Xe+ Ue) = fet+ QeKeXe:

Thus, to handle nite elements in the corotational formula-
tion the following steps have to be performed: a) The ele-
ment matricesKe have to be updated te = QeKte to
account for the element rotations. b) A force correction vec-
tor fg = Qe(KeXe) has to be determined to account for the
element rotations. These element-speci ¢ values have to be
assembled into the global system matfixand the global
force correction vectof®, respectively.

Since only the calculation of the element strain is affected
by the corotational formulation, the dynamic behavior of a
deformable object is governed by the Lagrangian equation of
motion with the modi ed matrix< and the force correction
vector 0

Mii+ Cu+ Ru= f+ %

)

By using an implicit time integration scheme like Euler or
Newmark, a linear system of algebraic equations is obtained.
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3. Extracting Element Rotations components of the Hessian matrixEf are computed as
. . z
To compute the element rotations in an accurate and stable TEe _ @E + °d’ d dx+ 21 s(i: j): (7)
way, we now introduce a novel approach based on energy  q; T w, flai Tg; - a; Yo 'J'
minimization. Therefore, we de ne an enerByfor every - Ee
nite element\e. Ee is used to measure the similarity between M = 2q: (8)
|

the corotated element con guration—which is determined
by rotating the deformed con guration—and the reference Here,s(i; j) is a function returning 1 if equalsj and 0 oth-
con guration. The energy considers the pairwise distances €rwise. The unit quaternion describing the rotation that min-
between element points in the corotated con guration and iTizeSEe iﬁ computed by starting with an initial state vector
corresponding points in the reference con guration, similar G =(d";1 %), and by iteratively updating this vector with re-
to the approach proposed iIMHTGO5]. For every element  spect to the following scheme:
its center of mass in the deformed con guratian,s used 5 !
as center of rotation to obtain the orientation in the corotated qk+ 1- 6K LFE
con guration. To match the reference con guration, we rst (16)2
translate the element such that the centers of mass coincideg i, the gradient oEe and its Hessian have to be computed
(co denotes the center of mass in the reference €on gura- i, yhe current deformed con guration. Therefore, we rst
tion). Then, we compute the distandebetween a pointin ;5 10te the center of mass(c is constant for each ele-
the deformed element and its corresponding position in the o) from which we derive the partial derivatives in equa-
reference con guration: tions 6) to (8) and nally the gradient and the Hessian via

d=dx) = QZ(X+ u o (x o) numerical integration.

1
r Ee:

The energyEe is then derived by integrating the squared dis- 4. Multigrid Solver

tances over the elementgomain: In this section, we describe an optimization technique to
_ T ef ciently integrate nite elements using the corotational
Ee= d'ddx 3) L -

W formulation into a multigrid FE solver. The solver we use
to solve the linear system of equatioksi = f employs
geometry-speci ¢ operators to transfer quantities between
different levels in a tetrahedral grid hierarch\|V05.
Speci cally, R, andRE are the restriction and the prolonga-

By minimizing this energy for every element we can deter-
mine the element rotations that minimize the average dis-
tances between positions in the reference and corotated con-

guration. tion operators, respectively, which are used to transfer quan-
To solve this minimization problem, we rst reformulate tities to and from a particular leveél

itby using quaternionsgho85LEF93. In this formulation a In case of an unstructured mesh hierarchy, the correspond-

vectorvis rotated by applying quaternion multiplicatiqw. ing matrix representations of these operators are sparse and

Here,q |sTthe 4 component unit quaternion describing the non_zero entries are randomly scattered. The operators are
rotationQe, gndq is .|ts conjugate. Therefore, in quaternion | ;sed to construct the coarse grid system matiiggs from
space the distance is determined as a given ne grid system matrix;,, whereKg = K. To en-
d=d(¥)= q(x+u g (X co): sure a consistent calculation of ql_Jantities on different reso-
lution levels, for all but the nest hierarchy level the coarse
We now search for a solution where the rst derivative of grid operators are obtained by solving products of the form
the energy vanishes, i.<:,""Eqe = 0. Since the minimum has to RhKhRE. It is said that coarse grid operators constructed
be found under the constraint thais a unit quaternion, a in this way satisfy the Galerkin condition, and it has been

Lagrange multipliet is added to the energy functional: shown in previous work that such a construction is the natu-
z ; . ral choice for de ning the coarse grid operatovdgs83.
Ee= \%d ddx+1(q'q 1) Q) Since in our application the matrikg has to be re-built
o in every simulation step to account for the corotational for-
Then, the rst derivatives become mulation, the entire matrix hierarchy has to be adapted ac-
IEe z qdT cqrdingly. _As we will show in Sectio®, this upda_te oper-
T 2 " ‘ITJid dx+ 21 ¢ = 0; (5) ation dominates the overall performance of multigrid meth-
ods, taking about a factor of 10 longer than the system solver.
fIEe = qTq 1: (6) The reason therefore is that sparse matrix products oper-
il ate signi cantly below their theoretical peak performance

This system of non-linear equations is solved using a New- due to the bottleneck of data transfer in the CPU memory
ton solver, which iteratively determines the zero crossings of hierarchy. A direct implication thereof is that standard al-
the set of equation$) and 6). For this solver to work, the gorithms for computing sparse matrix products can hardly
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achieve real-time performance in dynamic simulations for
reasonably sized grid hierarchies. To overcome this limita-
tion, we focus on improving the memory behavior of sparse
matrix operations in this paper. We present a linear layout of

by a binary search if the column indices are sorted, it re-
quires the entire set of column indices to be available in the
CPU caches. To reduce this memory transfer in the assembly
process, for each pair of vertices of an element we directly

computational cores for sparse matrix multiplication, which store a reference to the respective block in the global matrix.
can effectively reduce the average memory access time. By The memory overhead introduced by this approach is not
reformulating the problem into the simultaneous processing signi cant, since it adds only 4 bytes to a dense 3 block

of sequential streams, the locality of memory access opera- of double precision oating point numbers in the block-row-
tions can be improved, yielding considerably less cache miss compressed matrix format. Overall, this results in a memory

penalties.

4.1. Matrix Data Structure

To store the matrices involved in the simulation, we apply
arow-compressefbrmat (Yale format) EGSS82 To store

a sparse matriX, we encode the non-zero entries and their
respective column indices in two separate arrays, row after
row. Additionally, an index is stored for every row, which
references the rst non-zero entry in that row (see Fig)re
The set of column indices stored for each roig denoted

by S in the following.

SIK S.?K SJK 'SuK
| | | l | | l | ... Column Indices ... | l | | | | | |

[
[[1] ]

Figure 2: Row-compressed matrix format.

| | | l | | l | ... Data Values ...

Rows

In the underlying implementation, we extend the row-
compressed (RC) matrix format. Instead of just one single
value, a non-empty block of entries is associated with each
row and column index. This format is bene cial, because the
stiffness matrix, in general, consists of 3 blocks of non-
zero entries associated with each 3D vertex of the simulation
mesh. Therefore, the memory overhead to store column in-
dices can be reduced signi cantly, and the matrix entries can
be updated more ef ciently. In the following, we will refer to
this format aslock-row-compresseBRC) matrix format.

4.2. Matrix Assembly

In the corotational formulation, in every simulation time-

increase by a factor of.Q5.

4.3. Sparse Matrix Products

Before we are going to present a specialized algorithm to ef-
ciently calculate sparse-sparse matrix products of the form
E = RKR, let us rst outline the naive approach for do-
ing so. To simplify things, we assume in this discussion, as
well as in all upcoming discussions, a row-compressed ma-
trix format. It should become clear from the text, however,
that the extension to the block-row-compressed matrix for-
mat is straight-forward.

A particular entry in the matri¥ is computed as
0 1

Ei= a Ri@ 3§ KikRjA :
P R\ F

The outer sum only considers the non-zero entries if-the
row of R, denoted by the index séf. The inner sum can

be optimized in such a way that it only accounts for indices
in the intersection of the index sef andSY, since both
rows of K andR are sparse. If the intersection is empty, the
resulting term is zero. The expansion of the product has to
be carefully designed such that all matrix data structures are
accessed in a row-wise order.

9)

The performance of the naive approach is mainly limited
due to the following properties: Firstly, to determine the in-
tersections§*\ S the entire (ordered) se§ andS} have
to be processed even though their intersection is typically
very small or even empty. Secondly, the inditasdj them-
selves are determined by processing sparse index sets. Note,
that the entriessjj are processed as they are stored in the
sparse matrix format, and therefore—once the structure of
E has been determinedj-is obtained from a sparse index
set, too. Accessing these sets, nanéﬁyandsjq, produces
scattered read operations that can most likely not be served

step the element stiffness matrices have to be updated beforeq,om cache.

they get assembled into the global stiffness matrix. By stor-
ing the element matricelSe of every nite element, matri-
ces are updated & = Qe Kte once the element rotations
are available. SincKe consists of 3 3 blocks of non-zero

values for each pair of element vertices, these blocks can di-

rectly be written into the block-row-compressed global stiff-
ness matriX. To determine the respective destination block
in K from the global vertex indices, one has to nd the col-
umn index in the respective row. Although this can be done
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4.3.1. Stream Acceleration

To overcome the aforementioned limitations of the naive ap-
proach for computing matrix products of the folRK R,

we now introduce a cache-ef cient algorithm to perform
such operations. Speci cally, we constructlata and con-

trol stream that is aligned with the data structure of the ma-
trix K.
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The data stream contains valuesPand respective in-

Algorithm 1 Stream Construction (In-Place)

dices intoE. The indices are used to scatter the multiplied Require: Matricesk;RT, structure of matriE

entries fromK and R into the destination matri¥. Note
that becaus® andR" do not change over time, their contri-

butions to the product can be encoded into the stream. The
control stream is used to encode how many pairs of data val-
ues and indices have to be processed for each non-zero entry

of the matrixK. A single byte of the control stream is in-
terpreted as follows: The rst bit indicates whether the next
non-zero entry of the matrik should be fetched or the pre-
vious entry ofK is used in the current calculations. The re-
maining seven bits indicate the number of data value/index

pairs from the data stream that have to be processed. Note
that at most 127 pairs can be encoded in one single byte. If

an entry ofK is scattered into the result matrix more than
127 times, an additional control byte has to be used with the
rst bit set to 0.

Due to this particular layout, scattered memory read op-
erations to access pre-computed intersectfdﬁk; SJEz can
be avoided and only the nal write operation accesses the
memory randomly. An overview of the streaming approach
is given in Figures.

Ensure: E = RKR'

for i = 1 to E.numRowsdo
for j 2 SF do
Ej=0;
end for
end for
for | = 0 to K:numRowsdo
for k2 §¢ do
fori2 X do
for j2 £\ § do
Eij = Ej+ Kk R} Rj;
stream.pusti] RL;E:getlnde)(i;j));
end for
end for
stream.setNext();
end for
end for

0 is appended to the stream. The stream's setNext() opera-
tion appends a new control byte to the stream. Since the rst

The respective control and data streams are constructed a i ic set to 1. it refers to the next non-zero elemerkof

listed in Algorithm1. The algorithm essentially performs the
operations given in Equatidh Since the streams are aligned

Computing the destination matrk is performed by se-

to the matrix data structure &€ rather than to that oE, guentially traversing the entire stream and repeating the fol-
the ordering of the sums in Equati@has to be changed, lowing two steps for each control byte §ndk denote the
such that we immediately obtain all terms for each entry of row/column index of the current non-zero entry Kf and

K. This entries can then directly be encoded into the data they are initialized to index the rst non-zero entryIsj:

stream. .
Step 1: If the rst bit of the current control byte equals 1,

In the pseudo code, the meth&dgetindex(; j) deter-
mines the index of an elemefit j) in the linearized data ar-
ray of E. This index allows to quickly access the respective
element ofE in the stream processing stage. The stream'’s

the indexk is advanced to the next non-zero entrykoin
the rowl. If such an entry is not available, the row index
| is incremented to the next non-empty row, dnid set
to the rst non-zero column index of that row. Then, the

push() operation is used to encode the required information
into the control and data stream. Besides storing the given  of the control byte encode the numbgpf weight/index
value/index pair in the data stream, it also increments the pairs that have to be processed.
number stored in the last control byte. If the maximum value Step 2: Do p times:
of 127 is exceeded, a new control byte with the rst bit set to Read a data valuer and an index valué from the data
stream, determine the produst t and add it to the en-
E try E(i) of the destination matrixg(i) addresses thieth

valueK|y is stored in a temporary registefThe last 7 bits

wl |4 position in the linearized representationg)t
o 'Y
5. Results
In this section, we analyze the performance of the Multigrid
data stream nite element solver using the proposed corotational for-
[ [ T T I [ T -T mulation of nite elements in combination with the cache-
L\ % ef cient sparse matrix representations. All benchmarks were
2 1 3 2 control stream

run on a standard desktop PC with an Intel C8t& Duo
6600 2.4 GHz processor equipped with 2 GB RAM.

Data | Data | Data | Data non-zero entries of matrix K

Table1 shows the performance of the proposed multigrid
solver at different FE model resolutions. We use one Gauss-
Seidel step both for pre- and post-smoothing in the multigrid

Figure 3: Overview of the stream acceleration data struc-
ture.
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Figure 4: Comparison of different approaches to estimate per-element rotatiefis.novel approach based on energy min-
imization. Middle: polar decomposition of the deformation gradient. Elemeat$ sittering due to large stretching. Right:
spatial smoothing of element rotations. Fluttering is reduced but still natieca

V-cycle. In the rst column we list the used model (see Ta- nite element multigrid solver that is about some orders
ble 2 for a more detailed model analysis). Next, we give the of magnitudes faster than current FE approaches. The ap-
times required to compute per-element rotations based on proach of Wicke et al.\[WBGO07] is roughly a factor of 20
energy minimization. The third column presents the compu- slower for an equal number of degrees of freedom to be
tation times for re-assembling the system matrix (including solved. Even for the most recent FE approach by Kaufmann
the rotation of the element stiffness matrices). Then, we an- et al. KMBGO08]—running on the same hardware as our
alyze the performance of the procedure used to update theimplementation—, we observe a speedup of a factor of more
multigrid matrix hierarchy, which already exploits the novel than 10.

stream acceleration data structure. In the next column, the
time that is required for solving the systdfn = f is given.
Finally, we show the performance of the multigrid solver in
time steps per second (tps).

To further validate our method against previous ap-
proaches, we have also integrated the polar decomposition
of the deformation gradienHS04] into the multigrid solver.

Due to the aforementioned limitations of this approach re-

The most striking performance gain results from using the garding stability, we apply a spatial smoothing of the com-
stream acceleration structure to update the multigrid hierar- puted rotation eld on the tetrahedral grid. The smoothing
chy. Typically, the Galerkin update of the coarse level ma- is performed in quaternion space, meaning that we compute
trices is performed by successively performing the naive ap- quaternion averages iR* and re-normalize the weighted
proach (see Equatio). The time required for this naive  quaternion to place it on the unit sphe@é The centroid
approach is given in Tablkein brackets for our models. Due  is computed a&; wigi=k &; wiqik, whereq; are unit quater-
to the proposed acceleration structure, the same operationnions onS® andw; are the respective weights. Even though
is now about 10 times faster. It is especially interesting to this kind of re-normalization can cause undesirable effects,
note that this performance gain is achieved despite the addi- in the current examples it could signi cantly improve the
tional memory that is required to store the data and control stability of the approach.
streams (between 15MB and 132 MB in the current exam-
ples). This result clearly indicates that the performance of
sparse matrix operations is vastly dominated by cache-miss
penalties, which can be reduced signi cantly by the stream-
ing approach presented in this paper.

Per-element rotations are rst transformed into corre-
sponding quaternions. Spatial smoothing is then performed
by gathering quaternions from the 1-ring neighborhood of
each element, and by computing quaternion averages as de-
scribed. Weights are chosen according to the volume of aver-
Summarizing, we achieve a performance of the advanced aged elements. As can be seen from Figiikehich provides
a visual comparison between the different methods used to
extract per-element rotations, even though spatial smoothing

Calculation times [ms] Total

Model | Rotate Assemble Update SoIJe [tps]
Bunny 21 18 11 (108) 10 17 Model | # Elements  # \ertices #Level{s Total [tps]
Horse 67 58 39 (354) 26| 5.2 Bunny 11241 2918 3 31
Dragon 112 103 94 (1183) 5 2.8 Horse 33689 8632 4 10.1
Dragon 67309 16943 4 5.0

Table 1: Timing statistics for the multigrid FE solver using
the corotational nite element formulation. Per-element ro- Table 2: Model and timing statistics for the multigrid FE
tations are computed by energy minimization as introduced solver using the corotational nite element formulation. Per-
in Section3. In the Update column, times in brackets denote element rotations are computed by a polar decomposition
the multigrid update operation using standard operations in- of the deformation gradient and a spatial smoothing of the
stead of the novel stream acceleration approach. rotation eld.
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Figure 5: Large-scale deformations using the FE model based on the corotatiamalifation. Energy minimization is used to
extract per-element rigid motions.

weakens the limitations of the polar decomposition it cannot dure in Galerkin multigrid approaches. By reformulating the
achieve the same stability as the energy minimization. Fur- sparse matrix product into the simultaneous processing of a
thermore, since energy minimization is only about a factor of data and a control stream, cache-miss penalties can be effec-

two slower than spatial smoothing (see TaB)git positions tively reduced. The new approach accelerates the update of
itself as an effective and ef cient means for FE simulations the multigrid matrix hierarchy by a factor of 10 compared to
using the corotational formulation of nite elements. previous multigrid approaches, which yields an overall ac-

Figure 5 demonstrates the stability of the proposed FE celeration of the simulation by a factor of up to 4.

model using the corotational formulation. For the horse  In the future we will go into three different research direc-
model, we show two deformations. In the middle image, tions: a) we will analyze whether the energy minimization
the horse is modeled with heterogeneous material parame-approach can be ef ciently incorporated into a global min-
ters (stiff legs and soft knees), and it is xed on the hooves imization problem thereby accounting for further improved
of the hind legs. This allows bringing the model into the pre- spatial consistency of the rotations. b) we will investigate
sented pose by pulling the shoulders to the top and folding the parallelization of the multigrid solver on multi-core sys-
the fore legs. It is worth noting that all applied forces are tems like the Intel Larrabee visual computing architecture.
accumulated to keep the deformed body in its pose. In the This will allow us to considerably speed up physics-based
right image, the horse is modeled with homogeneous mate- FE simulations, at the same time enabling the handling of
rial parameters, while the xation is unchanged. The horse very large data sets. c) we will try to integrate cutting mecha-
is then largely stretched to demonstrate the stability of en- nisms into the multigrid FE simulation. In particular we will
ergy minimization for the determination of per-element ro- explore the integration of nite polyhedral cellsMBG07]
tations. When using geometric methods or polar decomposi- into the multigrid setting, and we will investigate techniques
tion of the deformation gradient to estimate these rotations, to ef ciently handle local topology changes in this setting.
the model starts uttering and becomes increasingly unsta-

ble. However, since our energy minimization extracts rota-

tions only locally, spatial consistency cannot always be en- References
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